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THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


At the meeting of the AmeRIcAN MATHEMATICAL Society 
held on May 29, 1897, the By-Laws of the Society were 
amended to provide that regular meetings should thereafter 
be held on the last Saturdays of October, February and 
April, unless otherwise ordered by the Council.: The Annual 
Meeting, held in the last week of December, is unaffected by 
this action. The reduction of the number of New York 
meetings to four annually, instead of eight as heretofore, 
was made with a view to securing greater prominence and 
interest for each meeting, and to affording the members of 
the Society a better opportunity for scientific and social in- 
tercourse. For this purpose, and in compensation for the 
reduction in the number of weetings, it was provided thai 
each meeting should hereafter extend through two sessions, 
to be held in the morning and afternoon. The wisdom of 
the new departure was abundantly demonstrated at the first 
meeting held under it on Saturday, October 30, 1897, in 
New York City. 

Forty-one persons were in attendance, of whom thirty- 
seven were members of the Society. Nine papers were pre- 
sented at the two sessions. Both numbers greatly ¢ irpass 
those of any previous regular meeting, and the result is es- 
pecially gratifying in view of the brief interval since the 
highly successful Summer Meeting of the Society at Toronto. 

In the absence of President Newcomb, the Vice-President, 
Professor R. 8. Woodward, occupied the chair. The register 
of members in attendance was as follows: Professor Cleve- 
land Abbe, Professor E. W. Brown, Dr. J. B. Chittenden, 
Professor F. N, Cole, Professor E. 8. Crawley, Dr. J. W. 
Davis, Professor T. W. Edmondson, Professor A. M. Ely, 
Professor T. 8. Fiske, Mr. P. R. Heyl, Dr. G. W. Hill, Dr. 
J. E. Hill, Professor H. Jacoby, Mr. 8. A. Joffe, Mr. C. J. 
Keyser, Professor P. Ladue, Professor G. Legras, Dr. G. H. 
Ling, Dr. E.McClintock, Mr. J. Maclay, Professor H. P. Man- 
ning, Professor M. Merriman, Professor G. D. Olds, Mr. J. 
C. Pfister, Professor M. I. Pupin, Professor J. P. Pierpont, 
Professor J. K. Rees, Mr. C. H. Rockwell, Professor C. A. 
Scott, Professor H. Taber, Professor H. D. Thompson, Pro- 
fessor C. L. Thornburg, Professor J. M. Van Vleck, Pro- 
fessor E. B. Van Vleck, Professor J. B. Webb, Mr. G. L. 
Wiley, Professor R. 8. Woodward. 


| 
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The Council announced the election of the following per- 
sons to membership in the Society : Mr. Paul Capron, Dum- 
mer Academy, South Byfield, Mass.; Mr. John Kinsey 
Gore, Prudential Insurance Company, Newark, N. J. ; Pro- 
fessor Alfred George Greenhill, Artillery College, Woolwich, 
England. Ten applications for membership were reported. 

In the interval between the sessions a large number of 
the members took advantage of the opportunity to lunch 
together. The same convenient arrangement will be afforded 
at all future meetings in New York. 

The following papers were presented :— 

(1) Dr. G. W. Hitt: “Intermediary orbits in the lunar 
theory.’’ 

(2) Mr. P. R. Hey: “ Notes on the theory of light on 
the hypothesis of a fourth dimension.’’ 

(3) Professor C. A. Scotr: ‘ Note on linear systems of 
eurves.”’ 

(4) Professor R.S. Woopwarp: “On the cubic equation 
defining the Laplacian envelope of the earth’s atmosphere.’’ 

(5) Professor R. 8S. Woopwarp: ‘On the integration 
of a system of simultaneous linear differential equations.’’ 

(6) Professor MANsFIELD Merriman: “The probability 
of hit on a target when the probable error in aim is known; 
with a comparison of the probabilities of hit by the methods 
of independent and parallel fire from mortar batteries.’’ 

(7) Professor E. W. Brown: ‘‘ Note on the steering of 
an eight-oared boat.’’ 

(8) Professor A. 8. Cuxssin: ‘‘ Note on hyperelliptic 
integrals.’’ 

(9) Dr. E. O. Lovetr: “Note on the fundamental 
theorems of Lie’s transformation groups.”’ 


Dr. Hill’s paper, which will be published in the Astro- 
nomical Journal, discusses certain modern refinements in the 
planetary theory. The difficulty astronomers have met in 
endeavoring to push the approximation to the coordinates 
of a planet beyond the simple Keplerian theory, in that the 
time appeared as a multiplier outside of the trigonometrical 
functions, is at once removed if we divide the potential 
function otherwise than is commonly done. This modifica- 
tion has given rise to what are known as intermediary orbits. 
But the mode in which Gyldén and others have introduced 
the latter seems unnecessarily obscure, as they are ‘often 
discussed without the slightest reference to the law of 
gravitation. In the lunar theory much will be gained if 
we can make the perigee and node have a uniform motion 
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already in the first approximation. Now the disturbing 
function of the solar action may be considered as involving 
a term rigorously proportional to the square of the radius 
and another proportional to the square of the moon’s perpen- 
dicular distance from the plane of the ecliptic. The first 
will produce a motion of the perigee while the second does 
the same for the node. 

The integration of the equations of motion naturally 
brings in the 6-function of Jacobi. But for this it is better 
to substitute its periodic development, as tables of elliptic 
functions are necessarily to double entry and are conse- 
quently difficult in interpolation; moreover, they do not 
readily adapt themselves to processes of combination as the 
circular functions do. In all special cases, where the values 
of the arbitrary constants are involved, it is always much 
shorter and easier to follow methods numerical in character. 


The essential features of Mr. Heyl’s paper may be sum- 
marized as follows: Statement of the 4-space theory of 
light ; 3-space analogy—dust on a drumhead. Differential 
equation for a solid vibrating in a 4thdimension. Identity 
of this equation with the equation for sound ; the difference 
one of interpretation of the dependent variable. Mutually 
supplementary character of the two interpretations illus- 
trated by a consideration of boundary conditions. Problems 
in rectangular codrdinates ; — in hypercylindrical 


coordinates. The functions and and the de- 


velopment of functions in ‘ania of deine as modified 
Fourier’s series and Fourier’s integrals. Slight departure 
from the law of inverse squares. Curious apparent retro- 
active effect in the zther. 


Professor Scott’s paper deals with two questions that 
present themselves when a twofold linear system of curves, 
a net, is used for the -rational transformation of the plane. 
Divergence from the usual relation of points and curves 
is exhibited when the net (¢,¢,¢,) has a fundamental 
curve (i. ¢., a curve met by the general curve of the net 
only at the fixed points) represented by a common factor B 
in two distinct ¢’s, and the modified form of the usual rela- 
tion depends upon the power to which this factor occurs. 
The determination of the highest power of B that can occur 
without any specialization in the position of the fundamental 
points is the principal object of the paper; the theorem is 
proved that the k + 1 determining curves of the k-fold system 
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from which the net is derived by imposing extrinsic condi- 
tions can be written in a certain order, viz.: one not con- 
taining B, two containing B’, three containing B’, etc. ; and 
that for the determination of the net the first of these, any 
other one, and any other before a certain one, may be chosen 
without affecting the fundamental points. Divergence from 
the usual relation occurs also when one or more of the ¢’s 
have at one or more of the fundamental points a multiplicity 
greater than that assigned ; and the determination of the 
limits within which this irregularity can occur without 
specialization in the fundamental points is the second matter 
considered. 


In Chapter VII. of vol. 2 of the Mécanique Céleste Laplace 
determines from mechanical principles a limiting envelope 
to the atmosphere of a rotating planet. This envelope is 
symmetrical with respect to the axis of rotation of the 
planet, and the curve of intersection of a meridian plane 
with the envelope is defined by the following cubic equa- 
tion : 

2 2 
asin?@ 


0, 


where z is the ratio of the radius vector, measured from 
the planet’s center, to the radius of the planet; @ is the 
polar distance of the radius vector; a is the ratio of centri- 
fugal acceleration to the acceleration of gravity along the 
equator of the planet; and z, is the value of z for 6= 0. 

Professor Woodward’s first paper alludes first to the in- 
teresting way in which Laplace discussed this equation 
without the aid of modern methods; secondly, to the ease 
with which the least and greatest roots of the equation are 
discovered from mechanical considerations; thirdly, to the 
elegant solution of the equation afforded by the goniometric 
method, which indicates at once that one of the three real 
roots applicable to the envelope ; and fourthly, to the spe- 
cial fitness of the latter method in supplying for the root 
used an expression which it is practicable to apply in com- 
puting the volume, mass, and mass distribution of the ter- 
restrial atmosphere. 

Professor Woodward’s second paper will be published in 
the Astronomical Journal. The differential equations consid- 
ered in this paper are the special forms of the equations of 
rotation of a non-rigid mass subject to no external forces 
and to the condition that its principal moments: of inertia 
are equal. The equations are 
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+7%=0, 
+ an = 0, 
where &,7,¢ are direction cosines; 2,f,7 are axial com- 
ponents of an angular velocity « ; and the accent denotes 
differentiation with respect to the time. The paper as pre- 
sented deals only with the case of constant values of a, f, y. 
For this case one form of the general solution is the follow- 
ing : 
= ar, + 1, (ay — fio) + (ay + Bio) 
Br, + 7, (fy + aio) et + 1, (fy — aio) 
jem. 


Excluding the imaginary parts, these equations give 


= ar, + ayr cos ct + for sin ct, 
9 = Pr, + Byr cos ot — acr sin ct, 
+ (7 —¢)’rcos st, 
where r= 17, + 1,.. 
The differential equations also give 
as’ + fy’ +72’ =0, 


whence 
a& + fn +72 cosy, 


where ¢ is the constant angle between the axis of « and the 
axis to which &, 7,¢ refer. Hence, since 


P+7+0=1, 


the constants r, and r may be expressed in terms of ¢ alone 
by 

vo sy sin ¢ 
? 


r= 


Professor Merriman’s paper will be published in the 
Journal of the United States Artillery. The question of the 
comparative efficiency of the methods of independent and 
parallel fire from mortar batteries has recently excited 
great interest in military circles. The case of independent 
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fire is that where each mortar of the battery is aimed with 
the intention of hitting the center of a target floating on 
the water. If R, and r, are the probable errors of shot dis- 
persion in range and in azimuth, and R, and r, are the 
probable errors of aim in range and azimuth, it is shown 


that R= + 72 are the resultant 


probable errors by which computations on the probable 
number of hits are to be made. If 2A be the length of the 
rectangular target in range and 2a its width in azimuth, 
and if p denote the constant 0.4769 ---, the expression 


2 pAl[R 2 pa/r 
N oy e at) (af e at) 


gives the probable number of hits when N shots are fired. 
The case of parallel fire where each mortar is aimed parallel 
to an imaginary mortar at the center of the battery is then 
discussed. For the rectangular battery whose length is 
2B parallel to the plane of fire and whose width is 26, it 
is shown that the expression for the probable number of 
hits from a volley of N shots is 


(aS 4) 


where the limits have the values u, = (B— A)/R, u,= 
(B + A)/R, v, = (b—a)/r, and v,= (b+ a)/r. The con- 
clusion follows that the probable number of hits under 
independent fire is greater than that under parallel fire. 
In the long run the advantage of the independent method 
appears to be about twenty-five per cent. 


Professor Brown’s ‘‘ Note on the steering of an eight- 
oared boat’’ is an extract from the author’s review of 
Lamb’s Hydrodynamics, published in the November number 
of the BULLETIN (see pp. 77, 78). 

Professor Chessin’s paper is published in full in this num- 
ber of the Buttetix. Dr. Lovett’s paper appeared in the 
November number. 

F. N. Core. 


CoLUMBIA UNIVERSITY. 
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NOTE ON HYPERELLIPTIC INTEGRALS. 
BY PROFESSOR ALEXANDEE 8. CHESSIN. 


(Read before the American Mathematical Society at the Meeting of Oc- 
tober 30, 1897. ) 


Let X, denote a polynomial in z of a gt P(2), 


Q,(2), - . polynomials in z of degrees m, n,---. We know 
that the integration of 


de, 


where f(z, “X, ) is a rational function of z and / X,, is re- 
duced to the integration of 


R(2)dz 


where R(x) is-a rational function of z. This note is in- 
tended to give a practical rule for the integration of (1). 


(2) = 
a,)"* 


We may assume that P(x) has no factor z — a,, other- 
wise the common factors may be cancelled. We also as- 
sume that all the factors of X, are simple, for double factors 
could be taken outside the radical. 

Suppose first that none of the a, are roots of X,=0. 
Then we have the equality 


f Q(x) VX, 
(3) n n—l 
VX, 


+ 


where 
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( k=8 
| tl if 


(4) 
p= if 
k=1 


In fact after differentiating formula (3) and multiplying 

the result by WX, II («— 2,)" we have a pdlynomial of the 
degree m in the left hand side, and a polynomial of the de- 
greep+s+r—1 

k=s 
or 

k=1 
on the right hand side according as 

k=s 


m>>n+tr—2 


k=s 


or m= Sn, +7r—2 
k=1 


In the first case by taking for p the value m—s—r+1 
we obtain a polynomial of degree m on the right hand side ; 
in the second case it will be a polynomial of degree = m. 
In either case we have as many equations to find the inde- 
terminate coefficients of Q(z) and the /, and #, a8 there are 


coefficients, namely m + 1 in the first case and = n+r—1 


in the second. 
Suppose now that a,, ,,--,a, are roots of X,=0. Then 
we have the equality 


f Pi(z)dz Q, (2) VX. 
(5) Tl (x a,)"* VX, (x a,) eae (x = a, ) 


(6) k=s 
Sn,+7r—-1 
k=1 k=1 
In fact after differentiating formula (5) and multiplying 
k=s 
the result by “ X,T] (x — 2,)™ we obtain a polynomial of 
k=1 


where 
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degree m on the left hand side, and a polynomial of the de- 
k=s 

gree g+8+r—p—lor +r — 2 on the right hand side 
k1 


according as ‘Sn, +r—2 <mor=m. In the first case by 
k=1 


taking for g the value m —s—r-+p-+1 we obtain a poly- 
nominal of degree m on the right hand side ; in the second 
case the degree will be =m. In either case the number 
of equations to determine the coefficients of Q (xz) and 
the 4, and y», is equal to the number of these coefficients, 


namely m + 1 in the first case and > n, +r — 1 in the sec- 


ond. 

That formula (3) does not hold in general when X,(2,) = 0 
can be easily seen by substituting for z the value a, in the 
result of the differentiation of (3). In fact it will be found 
that unless n,=1 formula (3) involves the equality 
P.(2,)=0 which is contrary to our assumption that P. n(Z) 
has no factor z— a, But formula (3) still holds if a, isa 
root of X,=0 provided n,=1. And indeed, in this case 
formulas (3) and (5) can be brought to the same form if we 
remember that. the integral 


f 
(z a,) WX, 
is reducible to the integral 
Vx, 
when g, is a root of X,=0. 
Remark. In order to determine the algebraic part of formu- 
las (3) and (5) it is not necessary to break up the denomi- 


nator of R(x) into factors. Formula (3) may be written 
as follows: 


VX, 
VX, T(z a,) 


dz 
+24 + 
It (a a,)/X. XxX, 


k=s 

and to find JJ (x— a,)"~ and Tl (%— a,) we only need to 
k=1 

find the greatest common measure of the denominator of 
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R(x) and its derivative. As to formula (5) it may be writ- 
ten thus 


R(2)dz_ Q.(2)VX, 


f T,_,-1(z) dz 
k=p+1 


The function TI zx — a,)"*" is found as just explained, while 


k=p k=s 

the functions [](z—«,) andII] (*—4,) are found by de- 
k=1 k=p+1 

termining the greatest common measure of the functions 

k=s 


Ti(z—a,) and X,. 


The results of this note applied to the case of r = 2 give 
very useful formulas, namely 


f P.(x)dz Q.---1(2) VX, 


dz 
if X,(4,)+-0 (k=1, 2,---8), n being the greatest of the 


numbers m and > n,; and 
k=1 


(7) 


(8) (z—a,) (2—2,)T (2-4) 


+ —a,)/X, 
if a,, 2, are roots of X,= 0. 

- Formula (7) holds also i in the case where a, is a root of 
X, = 0 provided n, = 1. 

It will be noticed that the method of reduction here used 
does not require the degree of the numerator of R(x) to be 
less than that of the denominator. 

Jouns Hopkins UNIVERSITY, 

October 6, 1897. 
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CERTAIN CLASSES OF POINT TRANSFORMA- 
TIONS IN THE PLANE. 


BY DR. EDGAR ODELL LOVETT. 


(Read before the American Mathematical Society at the Meeting of May 
29, 1897.) 


A point transformation is an operation by which a point 
is carried into the position of some point. As far as the gen- 
eral definition is concerned the path described by the point 
and the time consumed in the change of position are im- 
material, accordingly the coordinates of the final position of 
the point are functions only of the coordinates of its initial 
position, and a point transformation of the zy-plane into 
itself is represented analytically by two equations of the 
form. 


z=X(2z,y), YV(,y), (1) 


where the functions X and Y are independent analytic 
functions in the Weierstrassian sense. 

By such a transformation point is transformed into point, 
lineal element* into lineal element, curve into curve, inter- 
secting curves into intersecting curves, curves in contact 
into curves in contact. By imposing geometrical conditions 
on the transformation, there result corresponding analytical 
conditions for the determination of the forms of the func- 
tions X and Y and thus particular categories of point trans- 
formations arise. 

For example, if the transformation (1) is to change 
straight line into straight line, or in other words, to leave 
the ordinary differential equation of the second order 


invariant, the functions X and Y are found to have the forms 
by + ¢ + by + ¢ 
X= a,x + by 1 = 2 
a,x + by + a,z + by (2) 


which define the general projective transformation of the 
zy-plane. If, further, the point transformation is to trans- 
form parabola into parabola, or what amounts te the same 


* The term lineal element is here used in the sense introduced by 
Lie, namely, to designate the ensemble of a point and a straight line 
through the point. 
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thing, to leave invariant the ordinary differential equation 
of the fourth order 


by" — By"y" = 0, 
the functions X and Y have the forms 
X=az+byt+e, YEar+byt+e, (3) 


which define the so-called general linear transformation which 
leaves the line at infinity invariant. If the point trans- 
formation is to leave the areas of all figures in the plane in- 
variant, X and Y have the forms (3) with the additional 
condition that the determinant 


4=a,b,—a,b,=1. (4) 


If the circular points at infinity are to be invariant by the 
transformation, X and Y are of the form 


X=p(xcosa—ysina+a), Y=p(xsina+ycosa+b) ; (5) 


arbitrary p gives a so-called similitudinous transformation 
which preserves the forms of figures ; p equal to unity gives 
a Euclidian motion in the plane. If the product of the radii 
vectores of the original point and the transformed point is 
to be constant, say unity, we have the transformation by in- 
version whose X and Y are defined by the equations 


(6) 


Examples might be multiplied further, but it is not to the 
purpose here. It,may be added, however, that some of the 
most interesting cases are those where X and Y are tran- 
scendental functions, notably the logarithmic and exponential 
transformations. 

It is proposed in this note to determine the forms of X 
and Y and present a few of the properties of the point trans- 
formations of the zy-plane respectively defined by the follow- 
ing characteristic properties : 1° Cartesian subtangent of the 


transformed curve is to be times the Cartesian subtangent 
of the original curve ; 2° Cartesian subnormal = times Car- 


tesian subnormal; 3° Cartesian subtangent ~ Cartesian 
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subnormal ; 4° Cartesian subnormal ~ Cartesian subtang- 
ent ; 5° polar subtangent ~ polar subtangent; 6° polar 
subnormal ~~ polar subnormal; 7° polar subtangent — 


polar subnormal ; 8° polar subnormal = polar subtangent. 


1°. The point transformations of this category are to be 
of such a nature that point is changed into point and curve 
transformed into curve in such a manner that the Cartesian 


subtangent of the transformed curve is equal to ~ times the 


Cartesian subtangent of the original curve. 

The Cartesian subtangent of a curve f(z,y) =0 at a 
point (z,y) is 
or (7) 
then the defining property of the point transformation 
sought gives the analytical condition 


dz 


y dy’ (8) 


This condition (8) is now to be turned to account to find 
the forms of X and Y in equation (1). Substituting in 
(8) the values of z, and y, from (1) there results 


ny’ 
or 
+ (nYX,—myY,) —myY,=0. (9) 


This last equation must be identically true for all values 
of y’, hence equating to zero the coefficients of the several 
powers of 

X,=0, Y,=0, nYX,—myY,=0 (10) 

hence 
x=X Y 
=X(2), Y=¥%y), XY=m, 


* The last identity (10) breaks up into these two parts since X and Y 
are independent functions by hypothesis. 


* 
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and finally 
Y= (12) 
Then the transformation 
y, = by" (13) 


is the most general point transformation which changes a 
curve ¢ into a curve 7 in such a manner that the subtangent 


of the point (2, y) of ¢ is the ~ th part of the subtangent of 


the corresponding point (z,,y,) of the transformed curve y. 
2°. The point transformation is to be found which 
changes curve into curve in such a manner that the Car- 


tesian subnormal of the transformed curve is ™ times the 


Cartesian subnormal of the original curve. The value of 
the Cartesian subnormal is 


dy 
Ia (14) 


By virtue of the transformation there exists an identity 
of the form 
™ 


= n yy. (15) 


Whence 
myX,y? + (nYY, — myX,)y —nYY,=0. (16) 


This identity must obtain for all values of y', hence as in 
the preceding case 


X=X(z), Y=V¥(y), X,=n, YY,=my, (17) 


therefore 
2,=X=nt+a, +b (18) 


is the most general point transformation of the characteristic 
property 2°. 

3°. By this third class of point transformations the Car- 
tesian ‘subtangent of the transformed curve is to be equal 
to the Cartesian subnormal of the original curve multiplied 


by the ratio =. This geometrical property expressed ana- 
lytically becomes 
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(19) 
Whence 
myY,y? + (my¥, —n¥X,)y' —n¥X,=0; (20) 
hence 
X=Xy), Y=Y(2), X,=my, Y,=nY; (21) 
accordingly 
+4, y= be (22) 


are the equations of the most general point transformation 
possessing the assigned property. 

4°. The defining property of this category of point trans- 
formation is that the Cartesian subnormal of the trans- 
formed curve shall be to the Cartesian subtangent of the 
original curve in the ratio m to.n; hence the condition 


(23) 
which gives 
nYY y? + (nYY, — myX,)y — myX,=0. (24) 
Therefore 
X=X(z), Y=Y(y), yX,=n, Y¥,=m; (25) 
and finally 
z,=nlogy+a, 2mz+b (26) 
are the eqyations of the transformation sought. 
5°. The next four transformations are more readily 


studied in polar codrdinates. Let the general point trans- 
formation of the (r@) plane into itself be 


7,=R(r,0), 0,=@(1,9) (27) 


The transformation 5° is subject to the limitation that the 
polar subtangent of the transformed curve be to the polar 
subtangent of the original curve in the ratio m ton; this 
geometrical condition gives the following analytical condi- 
tion for determining the forms of the functions RF and 9, 
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do m ,d0 


2 1— 
— 
a 


(28) 


or 
mr Rf” + (mrR, — nR* 6) — nR'0,=0; (29) 


hence 
R=R(r), 9=0(0), PR,=nR’, (30) 
therefore 
are the equations of the most general point transformation 


possessing the above-named property. 
Similarly for the other cases we find: 


6° Polar subnormal = times polar subnormal, 
if + (nR, — m9) — mO,=0; (32) 
whence r,=mr+a, 8. (33) 
7°. Polar subtangent ™ polar subnormal, 
if + —mR,=0; (34) 
whence r= 0, = mr + (35) 


8°. Polar subnormal = solar subtangent, 


if + (mr’@, — —nR,=0; (36) 
whence r, = m0 +a, 


9. A family of transformations is said to form a Lie 
group of transformations when the product of any two 
transformations of the family is equivalent to a transforma- 
tion belonging to the family. By the product of any num- 
ber of transformations is meant the transformation equiva- 
lent to their successive application. It is to be observed 
that these transformation products do not obey exactly the 
same laws as ordinary algebraic products; they always 
follow the associative law but do not of necessity obey the 
commutative law. 
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Consider the family of transformations 1°. Let S be the 
transformation of the family which changes the point (z, y) 
into the point (z,, y,) given by, 


y, = 8 (37) 


let 7 be the transformation of the same family which trans- 
forms the point (z,, y,) into the point z,, y,) given by the 
equations, say 


=M, 2, + b, T (38) 


the product ST, that is, the transformation which changes 
the original point (2, y) directly into the point (z,, y,) is ob- 
tained by eliminating z, and y, from the equations (37) and 
(38); this elimination yields 


+ m,a-+ a,=m,z + 4,, 


; ST=V_ (389) 
y, = bb, b, ys. 
the equations (39) are of the same form asthe equations 
(37) and (38) i. ¢., the transformation V equivalent to the 
successive application of the transformations S and T of the 
family 1° has the same form as S and T and hence belongs 
to the family 1° ; this remarkable property is compressed 
into the statement that the family of point transformations 
1° constitutes a continuous group of transformations. 

Similarly it may be shown that the transformations 2° 
form a continuous group of transformations. 

On the contrary, the transformations 3° do not constitute 
@ group, as the following consideration shows. Let P be 
the transformation of the family 3° which changes the 
point (2, y) into the point (z,, y,) given by 


n= +4, y, = be™ ; (40) 


the point (z,, y,) is changed by a transformation Q of this 
same family into the point (z,, y,) for which, say 


the transformation W equivalent to the successive applica- 
tion of P and Q is found by eliminating z, and y, from the 
equations (40) and (41). This elimination gives the trans- 
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formation which changes (x,y) directly into (z,,y,) and 
yields as the equations of the transformation 


but the equations (42) are not of the form (40), hence W, the 
product of P and Q, does not belong to the family contain- 
ing P and Q, and the family of transformations 3° does not 
form a continuous group of transformations. 

In the same manner it appears that the transformations 
4° do not form a group. 

It may also be verified readily that the families 5° and 6° 
possess the group property ; and that the families 7° and 8° 
are not continuous groups. 

10. An infinitesimal point transformation is one by which a 
point suffers an infinitesimal change of position. It differs 
from the identical transformation by an infinitesimal. If, 
by virtue of an infinitesimal point transformation, z and y 
receive the increments respectively 


dx = F(x,y)dt, dy=7(z,y)%t, 
the infinitesimal transformation is represented symbolically 
by 


The equations of the group 1° give the identical trans- 
formation 
9 


for the system of values 
a=0, b=1, m=1, n=1; 
hence the system 
a=da, b=1+0b, m=1+ém, n=1+4n 


yields a transformation of the form 1° differing from the 
identical transformation by an infinitesimal, and the trans- 
formation corresponding to this system is an infinitesimal 
transformation of the group 1°; accordingly 


x, = (1+ dm)z + Aa, 


* For these details consult any one of Lie’s published works. 
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are the equations of the infinitesimal transformation of the 
group 1°. Whence 


da, y, —y=sy= + dn log y) 
to terms of the second order; therefore, if we make an ob- 


vious change in the designation of the infinitesimal con- 
stants da, 3b, --- , we have 


dx = E(x, y)dt= (ax + A)dt, sy=y(z, y) =y(A + y) 


and the symbol of the infinitesimal transformation of our 
group 1° is 
of 


Vf = (ax + y(A + nlogy) By" 


The system of values 
a=0, 6=0, m=1, n=1 


makes 2° an identical transformation, hence the system 
of values 
a=déa, b=6b, m=1+ém, n=1-+én 
determines an infinitesimal transformation of the group 2°, 
namely 
da, y= (1+ + 2; 


whence 


8b 
2, — = + da, 


by expanding y, by the binomial formula and by neglecting 
terms of higher order. Then putting 
én = At, da= pot, pdt, 3b = 


the infinitesimal transformation of the group 2° has the 
symbolic form 


Since the families 3° and 4° do not possess the identical 
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transformation they have no infinitesimal transformations.* 

11. We have already found that the family-of transfor- 
mations 5° is a group, hence we shall find an infinitesimal 
transformation belonging to the family. In fact the follow- 
ing values of the arbitrary constants 


a=0, m=1, n=1 
reduce the transformation 5° to the identical transformation 
Then the system of values 
a=da, f=68, m=1+ém, n=1+ én 


determines the transformation of the group which differs 
from the identical transformation by an infinitesimal, that 
is, the infinitesimal transformation of the group, namely, 


~ + 1+ On’ 
or to terms of the second order 
r= 0,=(1 + da; 

whence’ 

60=0,—0= da; 
or putting 

68 = 2st, Jda= pét, 

>. symbol of the infinitesimal transformation of the group 

is 


Vf=F(r,9) 


0, = (1+ém) 0+ da 


of Of __ of of 
or + 7(1, 9) + p) r(ar + 

In the same manner we find the infinitesimal transforma- 
tion of the group 6° to have the symbol 


of of 
Vi= (r+ 9) 5, + + 
The families 7° and 8° do not contain the identical trans- 


formation, hence they do not have infinitesimal transforma- 
tions.* 


* It is to be observed that it is not for the reason that these families are 
not groups that they do not contain infinitesimal transformations, For 
example, the family of ©! transformations z,—<t, y,=y-+t—1, obvi- 
ously does not form a group, and yet the family contains the identical 
transformation, as is seen by putting ¢ equal to unity, and the infinites- 


imal transformation aot + 5 found by putting 1+ dt for the parameter. 
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12. Apart from their properties as transformations, the 
above transformations are of interest because of certain 
applications to plane curves, notably to spirals which it 
is hoped to bring out in a subsequent note. 

Since finishing this note the writer finds that the finite 
forms of the transformations discussed were given by Lais- 
ant in the Nouvelles Annales de Mathématiques, 2d series, vol. 
7 (1868), p. 318, in the solution of a problem proposed by 
Haton de la Goupilliére, Nouvelles Annales, vol. 6 (1867), 
problem No. 803. The wide divergence between the proper- 
ties and the points of view of the present note and the solu- 
tion referred to seem: to warrant its presentation to the 
Society. The above-mentioned volumes of the Nouvelles 
Annales are to be had in the Library of Congress. 

BALTIMORE, 

14 April, 1897. 


CONTINUOUS GROUPS OF CIRCULAR TRANS- 
FORMATIONS.* 


BY PROFESSOR H. B. NEWSON. 


(Read before the American Mathematical Society, at the Meeting of 
April 24, 1897.) 


Tue object of this paper is to present the outlines of a 
fairly complete theory of the continuous groups of linear 
fractional transformations of one variable. The method 
employed is quite different from the methods of Lie. Lie’s 
classic theory is based upon the infinitesimal transforma- 
tion ; I shall make but little use of the infinitesimal trans- 
formation, but shall develop the subject from the considera- 
tion of the essential parameters of the transformation. 
The complex plane is chosen because it beautifully illus- 
trates the methods. I have put together some old and 
some new facts and have sought to build up a general the- 
ory. 

* Several terms have been proposed to designate the linear fractional 
transformations of the complex plane. Mobius introduced the term 
“Kreisverwandtschaft.””> Mathews’ Theory of Numbers, page 107, 
translates this as ‘‘ Mobius’ Circular Relation.” Professor Cole, in An- 
nals of Mathematics, vol. 5, page 137, refers to ‘‘Orthomorphic Trans- 
formation,’’ following Cayley ; this seems too general for the special case 
here considered, since it is applicable to all conformal transformations. 
Darboux, in his Theorie des Surfaces, vol. 1, page 162, uses ‘‘ transforma- 
tion circulaire.’”? It seems to me that ‘‘ Circular Transformation ’’ is the 
best yet proposed, for the fundamental property is expressed in the name. 
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A circular transformation T of the complex plane is rep- 
resented by 


Regarding the straight lines of the plane as circles through 
the one point at infinity, the fundamental property of this 
transformation is that it transforms circles into circles. It 
interchanges among themselves the circles of the plane, but 
leaves unchanged or invariant the configuration com 

of the ’ circles of the plane. (See Forsyth’s Theory of 
Functions, pages 512-524.) 

Since any two circular transformations T and T, each 
leave invariait this configuration of all circles of the plane, 
their product, i. e., the transformation which is equivalent 
to the successive application of the two, must likewise leave 
the same configuration invariant and hence be a circular 
transformation. 

This conclusion may be verified analytically by eliminat- 
ing z, from two circular transformations T and T, as fol- 
lows : 


az+b a,z,+6 
1 on BATS. 
@) 
The product of T and 7, is T, given by 
(2) (a,a + b,c)z+ (a,b + 


d,c)z+ (c,b+d,d) 


This has the same form as T and therefore is a circu’ar 
transformation. 

But this is just what is known in modern mathematical 
language as the group property. Hence all circular trans- 
formations of the complex plane form a group. 

If the coefficients a, 6, c,d in (1) be made to vary conun- 
uously, all the resulting transformations belong to the 
above group; and conversely all transformations belonging 
to the above gruup are obtained by continuously varying 
the coefficients in (1). Such a group is called a continuous 
group. The question of continuity will be more fully dis- 
cussed later. 

The circular transformation T can usually be brought to 
the normal form* 


* Mathews: Theory of Numbers, p. 105. 
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(3) Z2—n 

Where m and n are the roots of the quadratic equation 
ez? +(d—a)z—b=0, and 


(a+d—v (a+ d)* — 4(ad — be)” 
4(ad — be) 
m, n and k are called the essential parameters of the transfor- 


mation, m and n are the two invariant points and k is the 
multiplier of the transformation. Since 


k= 


we infer that k is the anharmonic ratio of the two invariant 
points and any pair of corresponding points in the trans- 
formation. Since m, n and k are complex quantities of the 
form a+ ib, it follows that 7 involves six real variable 
parameters. 

When the invariant points m and n coincide, T can no 
longer be brought to the above normal form but is then re- 
ducible to a second normal form 


(4) 


z—m 
The condition for coincident invariant points is (a + d)’ 
= 4(ad — be). 


,_ 

a is a constant whose properties are to be determined. 
When the condition for two coincident invariant points is 
substituted in the equation for k, we getk=1. Hence the 
characteristic anharmonic ratio of a transformation T’ of 
this kind is unity. Every circular transformation can be 
brought to the one or the other of these normal forms. 

Let us consider two transformations T and T, which have 
no invariant point in common. Their equations are 


(3’) 
Eliminating z, we have the product 7, in the form 


(3”) 


1 =k and ~2 1, 


1 


_ 2—™, 


2 
2,— 7, 


— 
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where k,, m,, and n, are given as follows : 
k,+1_ (kk, —k—-k, +1) k+k, 
“— Vik, J kk,’ 
_ 
™=C(k+1)' C41) 


(5) 


A, D, C and 2 stand for the following expressions : 
( A=kkn,(n—m,) — km,(n—n,) — k,n,(m—m,) 
m,(m—n,). 
D= kkm(n—m,) — km(n — n,)— k,n(m —-m,) 
+ n(m—n,). 


(6) 
C=kk,(n — m,) — k(n — n,) —k,(m— m,)+(m—n,). 


i. e., Ais one of the anharmonic ratios of the four invariant 
points (mnm,n,). 

The transformation 7, is not independent of the order of 
the components 7, and 7; the value of k, is independent of 
the order of 7, and T for 4 is unaltered when m and n are 
interchanged with m, and n, but not so with m, and n,. 
Hence the two transformations 7’ and T, are non-commuta- 
tive. 

The results obtained may be formulated as follows: 

THEOREM 1. All circular transformations of the complex plane 
form a siz-parameter continuous group. The transformations of 
the group are non-commutative, 

Our task is now to enumerate and discuss all the sub- 
groups of this six-parameter group, to develop their proper- 
ties and to classify them according to their most character- 
istic properties. 

Lie expounds in “ Continuierliche Gruppen,” page 113 an 
axiomatic principle which, for the purposes of this paper, is 
best stated in the following form: All point transformations 
of the plane which leave invariant a certain figure or configuration 
in the plane have the group property. The group may be either 
@ continuous or a discontinuous group. A good example of 
the latter is the group of 18 linear transformations of the 
plane cubic into itself. We shall make frequent use of this 
principle in what follows; but in each case the group ob- 
tained will be seen to contain one or more continuously 
varying parameters and is therefore a continuous group. 


« 
jn 
m,—n, m—n 
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According to Lie’s principle all transformations leaving 
invariant a single point m form a group. Since there are 
o* points in the plane, the o* transformations of the six- 
parameter group G, are distributed into ’ subgroups, one 
for each point. Accordingly each such subgroup should 
contain * transformations and be a four-parameter group 
G,or G,. This group leaves invariant not only the point 
m but also the net of circles through m. The circles of the 
net are interchanged among themselves, but the net as a 
whole is unaltered. 

If we make m, = m in (3’), (5), and (6), we findA= 1, 
k,=kk,, andm,=m. If m be a fixed point, the equations 
(3’) or 3”) contain only two essential variable parameters 
k and n and, hence, four real variable parameters ; thus, it is 
shown analytically that the group G,, is four-parameter. The 
fact that k,= kk, is very important as will be seen later. 
The transformations of the group are non-commutative, for 
n, is not independent of the order of 7 and T,. 

THEOREM 2. All transformations leaving a point m invariant 
form a four-parameter group. The law of combination of the es- 
sential parameters k of this group is given by kk,=k,. The 
transformations of the group are non-commutative. 

Again by Lie’s principle all transformations leaving in- 
variant two distinct points m and n form a group. Since 
there are o* such pairs of points, the transformations of the 
six-parameter group G, are distributed into oo* subgroups 
each of which contains «? transformations and is a two- 
parameter group. It is clear that each four-parameter 
group G,, contains «’ of these two-parameter groups G, or 
G,,,) one corresponding to each point of the plane taken with 
the fixed point m. Such a two-parameter group leaves in- 
variant not only the points m and n but also the pencil of 
circles through these points. 

If we make m, = m and n, =n in (3’), (5) and (6), we 
get4=1,k,=kk,,m,=mandn,=n. Or we may eliminate 
2, from (3’) and get (3”) by multiplication and thus get di- 
rectly that k,=kk,. T in this case has only one essential 
variable parameter k and, hence, only two real variable 
parameters. Thus again the group G,,, is shown to be two- 
parameter. Since k, is independent of the order of k and 
k,, the transformations of this group are commutative. 

THEOREM 3. All transformations leaving invariant two points 
m and n form a two-parameter group. The law of combination of 
the essential parameters of this group is expressed by k, = kk,. 
The transformations of the group are commutative. 

Thus far we have considered only transformations of the 
type 7 with two invariant points. The normal form of 7’ 
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(4) contains only two essential parameters m’ and a and 
hence only four real variable parameters. There are there- 
fore o* such transformations in the plane. Taken together 
do they form a group? This is readily answered in the 
negative. The product of two transformations 7’ and T/ 


2 


= 2z—m 


+ as 
1 
is a transformation of the kind 7 with two distinct invari- 
ant points, as may easily be verified by eliminating z, from 
(4’). 
But if the two transformations 7” and T,' leave invariant 
the same point m’, they do form agroup. Making m,’ =m’ 
in (4’) and eliminating z, by addition, we get 

1 1 
where 4,=a-+a,. The group is evidently ‘two-parameter 
and its transformations are commutative. Let it be sym- 
bolized by G,,’ or G,’. 

TueEoreM 4. All transformations of the kind T’ leaving a sin- 
gle point invariant form a two-parameter group. The law of com- 
bination of the essential parameters is expressed by a,= a + 4,. 
The transformations of the group are commutative. 

The relationships of the groups thus far determined may 
be symbolized as follows: 


G,= 0° G,=0'G,+0'G,. G,= 07 G, + G,’ 
or 
G,= 0° G.= G, + G,’). 


We now go on to examine more closely the two-parameter 
group G,, and shall show that the transformations compos- 
ing it can be distributed into one-parameter subgroups. 
The essential parameter k of the group G_, may be written 
k=pe*. Here p and @ are independent parameters and 
may vary independently. If we put p = e®, where c is some 
constant quantity, we have k = e®. e® = e+, Since in the 
group = kk,, we have k, = == 
where ¢ and @ are two independent parameters. But if 

= ¢,, we have k, = = es, where 0, = 0 + 
Here we have the conditions for a one-parameter group ; k, is 
of the same character as k and k,, and there is but one param- 
eter, viz: 0. The effect of the successive transformations 
of the group upon a point P of the plane is to transform it 
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into P,, P,, --- P,, which lie on a curve called by Lie the Bahn- 
eurve or path curve. By a transformation T every point Pis 
moved along its path curve. The path curves of this group 
are the well-known double spirals of Holzmiiller* used so ex- 
tensively by Klein and others. Their properties are so well 
known that it is unnecessary to develop them here. Fora 
lucid account in English see a paper by Professor F. N. 
Cole in Annals of Mathematics, vol. 5, page 121. 

Within the group G.,, there is a sub-fold group for every 
real value of c and a corresponding set of double spiral path 
curves. 

THEorEM 5. The transformations of the group G,, are distri- 
buted into cw’ one-parameter subgroups. The path curves of these 
subgroups are double spirals about the invariant points m and n. 

The chief properties cf one of these one-parameter sub- 
groups are easily deduced from the expression for the 
parameter, k = When 0, k= 1; when the anbar- 
monic ratio of the four points (mnzz,) = 1, z coincides with 
z, Every point of the plane is unaltered by such a trans- 
formation, which is called the identical, transformation of 
the group. The two transformations corresponding to 
values of ¢ numerically equal but of opposite signs are called 
inverse transformations. Their product is the identical 
transformation of the group. - When k= « or 0, all points 
of the plane are transformed respectively to the invariant 
points m orn. I have elsewhere called these pseudo-trans- 
formations} (ausgeartete Transformationen, Lie). 

Within the two-parameter group G., are two one-parame- 
ter subgroups of special importance ; these are the groups 
for which c= 0 and c= oo respectively; t.¢., for which 
\k| = 1 and for which & is real. In the first case, for which 
k =e, the path curves reduce to coaxial circles having m 
and n for vanishing points. All transformations of this 
one-parameter group are elliptic. In the second case, when 
k is real, the path curves reduce to a pencil of circles through 
mandn. The transformations of tiis group are all hyper- 
bolic. The other one-parameter subgroups of G, are made 
up chiefly of loxodromic transformations. 

THEOREM 6. Every two-parameter group G.,, contains one one- 
parameter subgroup of elliptic transformations, one one-parameter 
subgroup of hyperbolic transformations, and «' one-parameter 
subgroups of loxodromic transformations. For each group of 
loxodromic transformations cin the formula k = e“*°® is a constant. 

The continuity of the two-parameter group G,, is based 


* See Holzmiiller : Isogonale Verwandtschaften, 19. 
t Kansas University Quarterly, vol. 5, page 79. 
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upon the continuity of the complex number system; for 
there is a transformation of the group corresponding to 
every value of k, which is a complex number. Let the 
values of k be represented as usual by the points of a com- 
plex plane (not to be confused with the plane of our opera- 
tions). We wish to see how the values of k which give 
transformations belonging to a one-parameter subgroup are 
distributed in the plane. We have k= where 
is a constant and @ is variable. The locus of the point k 
satisfying this equation is a logarithmic spiral about the 
zero point cutting the axis of real numbers at an angle 
whose cotangeat isc. This is a continuous curve from the 
zero point to the infinity point, and consequently our one- 
parameter subgroup is a continuous group. 

Different values of ¢ give us different spirals each of 
which corresponds to a one-parameter subgroup of G,. ¢ 
varies continuously through all real values from — o to 
+ © so that these spirals lie infinitely close to one another 
and, as we shall see, cover twice over the entire plane. 
These spirals all pass through the unit point. Fore=0 
the corresponding spiral becomes the unit circle ; for c= 
the spiral reduces to the straight line which is the axis of 
real numbers. The family of spirals for which e¢ is positive 
fills the entire plane and no two of them intersect except 
in the unit point. The same is true of the family of.spirals 
for which ¢ is negative. But every spiral of one family in- 
tersects an infinite number of times every spiral of the 
other family. Every point in the plane not on the unit cir- 
cle or the axis of real numbers lies on two of these spirals; 
from which we infer that every loxodromic transformation 
of the group G,,, belongs to two distinct one-parameter sub- 
groups. Every hyperbolic transformation in G,, except 
the involutoric transformation, for which k =— 1, belongs 
to three one-parameter subgroups; for two spirals and the 
axis of reals pass through every point for which £ is real. 
The elliptic transformations in @, belong only to the ellip- 
tic subgroup. The involutoric transformation is common 
to the hyperbolic and elliptic subgroups. The identical 
transformation is common to all subgroups; and the two 
pseudo-transformations are common to all except the ellip- 
tic subgroup. Two loxodromic subgroups for which the c’s 
have the same signs have no transformations in common 
other than the identical and the two pseudo-transforma- 
tions; while two loxodromic subgroups for which the c’s 
have opposite signs have in common an infinite number of 
discrete transformations. 
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TuHEoREM 7. Every one-parameter subgroup in G,, is con- 
tinuous. Every loxodromic transformation in G.,, belongs to two 
distinet subgroups. Every hyperbolic transformation in G., ex- 
cept the involutoric transformation, belongs to three distinct sub- 
groups. 

This same geometric representation enables us to discuss. 
intuitively the generation of finite transformations by the 
repetition of an infinitesimal transformation. Every spiral 
passes through the unit point, and corresponding to the two 
points on the spiral adjacent to the unit point we have two 
infinitesimal transformations belonging to a one-parameter 
group. Theseare given by k = ett’ and k = et, The 
identical transformation divides the one-parameter group 
into two portions, each of which contains an infinitesimal 
transformation. Every finite transformation in each por- 
tion of a one-parameter loxodromic group can be generated 
by the repetition of the corresponding infinitesimal trans- 
formation. In the elliptic group, for which the spiral re- 
duces to a circle, every transformation can be generated 
from either elliptic infinitesimal transformation. In the 
hyperbolic group, for which the spiral reduces to the axis 
of real numbers, the transformations for which & is n 
tive can not be generated by the repetition of either of the 
hyperbolic infinitesimal transformations. Every loxo- 
dromic transformation in G,,, can be generated from either 
of two distinct infinitesimal transformations, for every loxo- 
dromic transformation belongs to two distinct subgroups. 
Every hyperbolic transformation for which k is positive can 
be generated from three infinitesimal transformations ; while 
every hyperbolic transformation for which k is negative, 
except the involutoric transformation, can be generated 
from two distinct loxodromic transformations. 

THEOREM 8. Every hyperbolic transformation in G.,, for which 
k is positive can be generated from three distinct imfinitesimal trans- 
formations ; every other transformation in G,,, can be generated. 
from two distinct infinitesimal transformations. 

The two-parameter group G,’ likewise contains o' one- 
parameter subgroups. The law of combination of the 
parameters in this group is 2, = a+ a,, or in another form 
+re%, If now we take 0,=0, this becomes 
r,e° = (r+r,)e®. ‘We have here the conditions for a one- 
parameter group; 2, is of the same form as a and a, and 
contains only one parameter r. It is clear that we have a 
one-parameter group for every value of 4. The effect of 
successive applications of transformations of one of these 
one-parameter groups on a point in the plane is to move it- 
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along a path curve. The path curves of one of these groups 
consists of the system of circles tangent at m to each other 
and to the line through m which makes with the axis of 
reals an angle @. All transformations of the group G,’ are 
parabolic. For details see the above mentioned paper by 
Professor Cole. 

The properties of one of these one-parameter groups are 
easily determined. Let a= re®; when r= 0, we have the 
identical transformation of the group ; the two transforma- 
tions corresponding to two values of r equal but with op- 
posite signs are inverse transformations. When r= o, all 
points of the plane are transformed to mand we have a 
pseudo-transformation. There are two infinitesimal trans- 
formations in the group given by the values + dr and — dr. 
Each infinitesimal transformation generates its correspond- 
ing portion of the group. Two one-parameter subgroups 
of G,’ have no transformation in common except the iden- 
tical and the pseudo-transformation ; these are common to 
all subgroups of G,’. 

THEOREM 9. Ali transformations of the two-parameter group 
G,! are parabolic and are distributed into «' one-parameter sub- 
groups. The path curves of a one-parameter subgroup are circles 
through m, touching each other at m. 

We have already shown how the four-parameter group 
G,, breaks up into * two-parameter groups G,,. We shall 
now show that the transformations of G,, may be distributed 
into oo’ three-parameter subgroups. The law of combina- 
tion of the parameters k within the group G,, is expressed 
(Theorem 2) by kk, =k, Written in another form this is 
0, = If c= Cy we have 


— where 0, = 0 + 


Hence, we see that if we chose from each two-parameter 
group G,,, the one-parameter group characterized by a cer- 
tain value of c, the totality of the transformations comprised 
in these »’ one-parameter groups forms a three-parameter 
group. It is clear at once that there is one such three- 
parameter group for every value of c. Thus, for example, 
all the elliptic transformations contained in G,, form a three- 
parameter subgroup. The same is true of all hyperbolic 
transformations. 

THEOREM 10. The o°* transformations having a common in- 
variant point at m, and for which the value of ¢ in the formula 
k= e+"? ig the same, form a three-parameter subgroup of the 
four-parameter group G,,. 
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A very important special case of G, remains to be noted, 
viz: when the invariant point n is at infinity. All trans- 
formations of the group leave invariant the net of circles 
through the point at infinity. But this net of circles is the 
net of all straight lines in the plane. Thus the transforma- 
tions of this group transform straight lines into’ straight 
lines ; they are therefore projective transformations. These 
transformations retain the common property of all circular 
transformations that angular magnitudes are unchanged. 
The four-parameter group G, is therefore identical with 
the projective group of similitude, whose invariant figure is 
the line at infinity and thé two circular points. 

This result can also be shown analytically. Let n =o 
in equation (3), whence we have 
(7) z4—m=k(z—m). 

Equating real and imaginary parts we get 

8) a, = — — + + 

( = + hy — — 

This is a projective transformation the vertices of whose 
invariant triangle are the point (m’, m”) and the two cir- 
cular points. 

The subgroups of G, give some interesting results. The 
path-curves of a one-parameter subgroup of loxodromic 
transformations are logarithmic spirals* around the point 
m, and the constant of the group ¢ in k = e“t is the cotan- 
gent of the angle between the curve and the radius vector. 
The path-curves of the one-parameter group of elliptic 
transformations are concentric circles about m; and the 
path-curves of a one-parameter group of hyperbolic trans- 
formations are straight lines through m. 

Within G, all loxodromic transformations with constant 
¢ form a three-parameter subgroup of logarithmic spiral 
motions with constantangley. All elliptic transformations 
in G, form the three-parameter group of all rotations in 
the plane. All parabolic transformations in G, form the 
two-parameter group of all translations in the plane. To- 
gether all elliptic and all parabolic transformations in G, 
form the three-parameter group of all Euclidian motions in 
the plane. All hyperbolic transformations in G, form the 
three-parameter group of all affine transformations (i. e., 
dilations) of the plane. 


* Klein : Modulfunctionen, vol. 1, p. 168. 
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THEorREM 11. All circular transformations. leaving the point 
at infinity invariant are projective transformations, and the four- 
parameter group G., is identical with the four-parameter project- 
we group in the plane whose invariant figure is the line at infin- 
ity and the two cireular points. 

It seems to be a favorite method with Klein to express 
whenever possible projective groups in terms of the com- 
plex variable both in the plane and on the Neumann 
sphere; see for example Nicht-Euclidische Geonetrie, vol. 2, 
page 184 {ff and Héhere Geometrie, vol. 2, page 229 ff, and 
many other places. 

We come now to the consideration of another group type 
of great importance. According to Lie’s principle all trans- 
formations leaving a circle invariant forma group. Con- 
sider first a group of hyperbolic transformations leaving in- 
variant m and n and every circle of the pencil through m 
and n. Choose one of these circles C and another point n, 
on C. The group of hyperbolic transformations with in- 
variant points at m and n, also leaves C invariant. Thus 
all hyperbolic transformations having one invariant point 
at m and the other also on C leave C invariant and form a 
two-parameter group. In this two-parameter group is in- 
cluded the one-parameter parabolic group whose invariant 
point is m and whose invariant line is the tangent to C at 
m. In like manner there is a two-parameter group for 
every point on C. All the transformations contained in 
these o’ two-parameter groups form a three-parameter 
group leaving C but no point on Cinvariant. ’ of these 
transformations are parabolic; these are distributed into o 
one-parameter groups, but taken together do not form a 
two-parameter group. 

There are also o’ elliptic transformations which leave C 
invariant. Let m be any point within C and n its inverse 
point with respect to the circle C. The one-parameter 
group of elliptic transformations having its invariant points 
at m and n has C among its pencil of invariant circles. In 
like manner all one-parameter groups of elliptic transfor- 
mations whose invariant points are a pair of inverse points 
with respect to C leave C invariant. There are o’ such 
pairs of points, and hence there are o elliptic transforma- 
tions in the group leaving C invariant. 

TueoremM 12. There are ©* circular transformations which 
leave invariant any given circle; these form a three-parameter 
group. This group is composed of all hyperbolic transformations 
whose invariant points are on the circle, of all elliptic transforma- 
tions whose invariant points are a pair of inverse points with re- 
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spect to the circle, and of all parabolic transformations whose 
invariant point is on the circle and whose invariant line is a tan- 
gent to the circle at the invariant point. 

The transformations of this group G, are distributed into 
subgroups as follows: The elliptic transformations are 
distributed into 0’ one-parameter subgroups, but not into 
two-parameter subgroups. The hyperbolic transformations 
are distributed into 0 two-parameter subgroups; each of 
these two-parameter groups break up into 0’ one-parame- 
ter subgroups, one of which is parabolic. 

Since a straight line is considered as a circle through the 
point at infinity, it follows at once that there is a three- 
parameter group of transformations leaving a straight line 
invariant. This group G, is in all respects similar to the 
group 

A very important special case of the group G, is when 
the line L is the axis of real quantities.* G@, then becomes 
the group of real projective transformations of the points on 
areal line. The properties of the real projective group are 
at once known from the properties of G¢. 

THEOREM 13. The’ three-parameter group of real projective 
transformations of the points on a line is a special subgroup of the 
siz-parameter group of circular transformations of the points of 
the complex plane. 

There is still another type of three-parameter group con- 
sisting entirely of elliptic transformations which is closely 
related to the group G,. This is the group of transforma- 
tions of the complex plane which corresponds to the three- 
parameter group of rotations of a sphere about its centre. 
Every rotation of a sphere when projected stereographically 
upon the equatorial plane produces an elliptic transforma- 
tion in that plane. Klein discusses the group of rotations 
of the sphere on pages 32-36 of his Ikosaeder, and on page 
35 gives an analytic proof of the group property. The rela- 
tion of this group in the plane to the group G, is shown as 
follows: 

The invariant points of a one-parameter elliptic subgroup 
of Ge, being inverse points with respect to C, form a pair of 
corresponding points in a hyperbolic involution on the line 
joining the two points with the centre O of the circle. The. 
double points of the involution are the two points where the 
line cuts the circle. Every line through the centre of the. 
circle Cis the bearer of such an involution; and all the 

* Poincaré has investi ies of these G 
and Gz in his papers Theorie des 
groupes fuchsiens”’ and ‘‘ Theorie des groupes kleiniens.”” 
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one-parameter groups of elliptic transformations whose in- 
variant points are a pair of corresponding points in one of 
these involutions belong to the three-parameter group G;. 
Let us consider a similar system of elliptic involutions on 
all lines of a pencil through O, such that the product of the 
distances from the centre of a pair of corresponding points 
is the same in all the involutions. Thus OP- OP = — F, 
constant for all the involutions. When a sphere is projected 
stereographically upon the equatorial plane, every pair of 
opposite points on the sphere project into a pair of corre- 
sponding points in one of these involutions. Thus all one- 
parameter groups of elliptic transformations whose invariant 
points are a pair of corresponding points in one of these invo- 
lutions form a three-parameter group. 

This three-parameter group leaves no figure of the plane 
invariant; but if it were allowable to use the language of 
projective geometry in speaking of the complex plane, we 
should say that this group leaves invariant an imaginary 
circle with centre at O and radius equal to ki. We shall, 
therefore, designate this group as G,¢. 

This completes the discussion of the subgroups of the 
general circular group. It remains to be shown that there 
are no other types of subgroups besides those discussed 
above. I shall attempt no formal proof, but shall only 
bring forward some general considerations bearing upon 
the question. 

A circular transformation transforms points into points 
and circles into circles. We have considered all possible 
groups which leave invariant one or two points; a transfor- 
mation leaving invariant more than two points is identical. 
We have also considered all possible groups of transforma- 
tions leaving a circle invariant. If there be a continuous 
group characterized by the invariance of some curve other 
than a circle, such a curve must be the path curve of a one- 
parameter group. The only other path curve besides the 
circle is the double spiral of Holzmiiller. This has two 
singular points and is invariant only under those transfor- 
mations whose invariant points are these two singular points ; 
hence, there is only one one-parameter group leaving in- 
-variant such a double spiral. These considerations indicate 
that there are no other subgroups of the general circular 


group. 

Lie’s theory of continuous groups based upon the infini- 
tesimal transformation is better adapted than the method of 
this paper for determining the complete list of types of sub- 
groups of a given group. It may be likened to a net which 


\ 
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gathers in its meshes all types of subgroups and lets none 
escape. My list of groups should be verified or corrected 
by the application of Lie’s methods. 

I append here a list of the group types discussed in the 
foregoing pages with a brief characterization of each. 

(1) The six-parameter group G, of all circular transfor- 
mations. 

(2) The four-parameter group G, leaving a single point 
invariant. 

(3) The two-parameter group G, of type T leaving a pair 
of points invariant. 

(4) The two-parameter group G,' of type T’ leaving a 
single point invariant. 

(5) The one-parameter group G,, of type T and constant 
ein k= e+ leaving two points invariant. (a) The one- 
parameter group of elliptic transformations for which c = 0. 
(6) The one-parameter group of hyperbolic transformations 
for which c= o and 

(6) The one-parameter parabolic group G,' with con- 
stant @ in a = re® leaving a single point invariant 

(7) The three-parameter group G,, of type T and con- 
stant c in k = e“**® leaving a single point invariant. 

(8) The three-parameter group G@, of elliptic, hyperbolic 
and parabolic transformations leaving a circle invariant. 

(9) The two-parameter group G,, of hyperbolic transfor- 
mations leaving invariant a circle and a point on it. 

(10) The three-parameter group of elliptic transforma- 
tions 

The real projective transformations of the plane and of 
space may be treated in the same spirit and by the same 
methods here employed for the circular transformations. 
The writer hopes to be able in the near future to publish 
the full results of his investigations in these fields. 


UNIVERSITY OF KANSAS, 
March 6, 1897. 


PLUCKER’S COLLECTED PAPERS. 


Julius Pliicker’s gesammelte mathematische Abhandlungen. Her- 
ausgegeben von A. ScHOENFLIEs. Mit einem Bildniss 
Plicker’s, und 73 in den text gedruckten Figuren. 
Leipzig, Druck und Verlag von B.G. Teubner. 1895. 
8vo, pp. xxxvi + 620. 

The Kgl. Gesellschaft der Wissenschaften zu Gottingen, of 
which Plucker was a corresponding member, recently under- 
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took the publication of his scientific papers, and appointed 
as editors Professors Schoenflies and Pockels. The volume 
whose separate title is given above is the first of the two 
which together form this collected edition. The only point 
in the arrangement that could be wished changed is the 
natural decision, referred to in the preface, not to reprint 
any of Plicker’s longer works, inasmuch as they are still to 
be bought in the original editions. But interesting as these 
original editions may be, they are not satisfactory, for type 
and paper alike leave much to be desired ; it is hardly pos- 
sible, for instance, to read the Theorie der algebraischen 
Curven with any enjoyment; and so it is perhaps permissible 
to express the hope that at some future time, not too far 
distant, these also may appear in as readable a form as the 
Collected Papers. 

This volume contains the thirty-nine memoirs by Plicker, 
and also Clebsch’s “ Gedachtnissrede”, from the 16th 
volume* of the Géttinger Abhandlungen, a paper whose in- 
trinsic value as the account given by one great geometer of 
the life-work of another can only increase with the lapse of 
time. It comes in here with special appropriateness, sup- 
plying the links between Pliicker’s work and that of his 
contemporaries, putting it into organic connection with the 
rest of the mathematical work of the period. This is aréle 
for which Ciebsch seems to have been peculiarly adapted 
by temperament, as witness one of his pupils, “ von ihm 
lernten- wir Anderen die Tendenz, auch fremde Untersuch- 
ungen umfassend in Betracht zu ziehen und mit den eigenen 
zu verweben ’’; and in the case of Plucker this sympathetic 
interpretation was specially needed, for his work produces 
an impression of aloofness—there is very little apparent 
consciousness of what the rest of the world might be doing. 
This intellectual isolation makes it easy to trace the work- 
ings of his mind all through the years in which he devoted 
himself to pure mathematics ; we can see him generalizing 
his conceptions, as a preparation for a new stage in his 
work, making a clearance of unused materials after the pub- 


*In the preface the reference for this notice is given as vol. 15, 1872 ; 
as a matter of fact it was read on the 2d of December, 1871, and is to be 
found in vol. 16, printed in 1872, but nevertheless the 1871 volume. 
The mistake is evidently due to the misprint on the title page of the 
reprint of the ‘‘Gedachtnissrede’’, and is to be found in various works, 
e. g., in the text of the notice of Clebsch in vol. 7 of the Mathematische 
Annalen—though the correct reference is given in the bibliographical 
table at the end of this same article—and also on p. 35 of the second edi- 
tion of Professor Gino Loria’s ‘‘Tl passato ed il presente delle principali 
teorie geometriche.”’ 
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lication of a book, reaching out after a new geometry of space 
from the very first. He was not an erudite mathematician, 
for his mathematics came from within ; he followed out his 
own train of thought, undistracted by the pressure of any 
ideas but his own, driven on by the “aufdrangende Fluth” 
of these, to which of deliberate purpose he yielded himself. 
A great part of the interest of the memoirs is in the view they 
give us of Plicker, possessed in turn by his various ideas, 
abridged notation, homogeneous codrdinates, ete. This 
self-containedness early plunged him into difficulties in the 
matter of “ plagiarism”; the first paper that he published 
after his Marburg dissertation, ‘‘ Théorémes et problémes 
sur les contacts des sections coniques’’, Annales de Mathé- 
matiques (Montpellier), 1826, provoked a savage attack 
from Poncelet, due mainly to a misunderstanding arising 
from Gergonne’s editorial alterations in and additions to 
the original memoir. These not unnaturally led Poncelet 
to believe that Pliicker had worked by the unacknowl- 
edged light of his own Proprietés projectives, published in 
1822; this misapprehension accounts for his irritation, 
though it does not justify the expression‘he gave to it. 
This protest, and Plucker’s temperate rejoinder,* are here 
given by the editor, and with good reason, for apart from 
their historical interest they help us to understand Plicker’s 
attitude towards his contemporaries. The accusation of 
plagiarism might, with a little ingenuity, be brought against 
many creative mathematicians; when the same field is oc- 
cupied simultaneously by several, even though they be of 
different nationalities, and totally different intellectual bias 
and equipment, coincidences of results are certain to occur, 
the more frequently in proportion to the actual indepen- 
dence of the workers ; for the plagiarist of ideas does not 
openly label his work by plagiarizing results also. Different 
as was Plicker’s line of thought from that of his con- 
temporaries, he evidently determined to be on the safe side ; 
so he inserted, even impatiently, references to Poncelet 
wherever he detected any likeness in the results. 

But the march of his ideas is his best defence. Every one 
of his books develops some particular conception, original 
with him, even though it may have occurred also to his 


* The editor of the Bulletin des Sciences de Férussac, in vol. 9 of which 
Pliicker’s reply appeared, printed it with the remark that he had sup- 
pressed ‘‘ quelques épithétes inutiles au succés de la discussion,’’ so possi- 
bly the rejoinder was not really so temperate as it now appears. 

Pliicker refers to the matter again in the preface to.the second volume 
of the Entwicklungen, p. vi. 
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contemporaries ; and the first germs and applications of 
each conception are to be found in the memoirs immediately 
preceding the issue of the volume. On account of this inti- 
mate connection between the memoirs and the longer works, 
one is inclined to wish that the names of the successive 
volumes had been inserted in their proper places in the table 
of contents, and that all through this table the dates had 
been supplied. 

In memoirs Nos. 4 and 5, 1827, 1828, abridged notation 
is used ; to the explanation of this, and its application to 
conics, vol. 1 of the Analytisch-geometrische Entwicklungen, 
1828, is devoted. The 5th paper, “ Recherches sur les 
courbes algébriques de tous les degrés”’, is fundamental in 
the theory of the intersections of curves; in the 6th the 
argument is applied to surfaces; Nos. 7 and 8 also relate to 
solid geometry. Nos. 9, 10 and 11 deal respectively with 
homogeneous coordinates, abridged: notation, and line cé- 
ordinates, all of which are expounded in vol. 2 of the Ent- 
wicklungen, 1831; in the closing words of the preface we 
see Phicker already under the influence of new ideas, 
destined to find their expression in his next volume, the 
System der analytischen Geometrie, 1835. Of the intervening 
papers, No. 12 contains a number of enunciations of the- 
orems and problems; Nos. 13-19 seem to have been an 
emptying of his note-books, whose miscellaneous contents 
he cast into the form of “‘ Analytisch-geometrische Aphoris- 
men’; Nos. 20 and 21 treat of the foci of curves, and of 
the relations connecting the order and class of a curve with 
the nambers of its point and line singularities. These two 
were written shortly after the time, the summer of 1832, at 
which, by Plicker’s own account, the principal ideas of the 
System came into his mind; the kernel of the second of thse 
papers is the precise description of the two-fold generation 
ofacurve. In the preface to the System, after referring to 
his *‘ Vorliebe”’ for line codrdinates, he insists at some 
length on this dualistic view, and its expression by means 
of point and line codrdinates, and points out that the pas- 
sage from one mode of representation to the other involves 
a discontinuity. This statement is of course exact in the 
very special sense in which it was first intended, as refer- 
ring to any singularity on the curve, and it is a part of 
Plicker’s renown to have discriminated so clearly between 
point singularities and line singularities. But though the 
theories of point and line coordinates depend on two differ- 
ent conventions as to the nature of a geometrical figure— 
conventions which primarily are mutually exclusive, whose 


1897.]} PLUCKER’S COLLECTED PAPERS. 125 


combination appears at first sight to result in arguing in a 
circle—yet it seems an unnecessary restriction on the gener- 
ality and elasticity of the symbolism to employ exclusively 
one set of coordinates or the other in any given investiga- 
tion. The statement in the first chapter of Salmon’s Higher 
Plane Curves (Cayley) “there is little occasion for any ex- 
plicit use of line coordinates ’’ seems distinctly unfortunate ; 
for the full advantage of the duality between point and line 
coordinates is obtained only when we hold ourselves at 
liberty to use both systems at once, representing points and 
lines indifferently by coérdinates or equations. The objec- 
tion that this is using the conventions in an unjustifiable 
manner, relying on two different ones simultaneously, loses 
its force when we reflect that neither convention alone ex- 
presses the whole truth, and that a judicious misuse of con- 
ventions is frequently essential to pr 

The System contains also Pliicker’s discussion of cubic 
curves, analyzed by Cayley in his memoir ‘‘On the classifica- 
tion of cubic curves’’, 1864 (Collected Mathematical Papers, 
V, No. 350); additional theorems on cubics are given in No. 
27, 1847. Practically continuous with the System is the 
22d paper, 1836, “‘ Enumération des courbes du quatriéme 
ordre, d’aprés la nature différente de leurs branches infi- 
nies’; this and the next two were published during the 
preparation of the Theorie der algebraischen Curven, 1839, in 
which Pliicker applied his method of abridged notation to 
the discussion of asymptotes and of singular points and 
lines, with respect to quartics, making use of the method 
of counting constants. With the Theorie he regarded his 
work in plane analytical geometry as finished, “liegt der 
Cyclus meiner Arbeiten im Gebiete der analytischen Geo- 
metrie vollstandig vor’’, and he turned to the geometry of 
space, a subject frequently referred to in his earlier writings; 
in 1846 he published the System der Geometrie des Raumes, in 
which is already to be found the germ of bis later line- 
geometry. Only one paper appeared in this interval, No. 
26, ‘‘ Aphorismen aus der Geometrie des Raumes”, 1842. 

He now resolved to give up his mathematical researches, 
to which he had devoted more than twenty years, feeling 
that his ideas, as to whose value he himself had no misgiv- 
ings, did not meet with due recognition from his contempo- 
raries ; but before renouncing geometry, as he supposed for 
ever, he arranged for publication the investigations he had 
in hand, so that Nos. 27-32 all appeared in 1847. 

For nearly twenty years Plucker devoted himself to 
physics, and accordingly this volume contains no memoirs 
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between 1847 and 1865. In 1865, however, encouraged by 
the interest in his researches manifested by many English 
mathematicians, in the forefront of whom must be named 
Cayley, he returned to the subject of the geometry of space. 
Referring to his abandonment of his geometrical work 
twenty years before, he said that while the details had es- 
caped from his memory, two leading questions had remained 
dormant in his mind; the first was that of introducing right 
lines as elements of space, instead of points and planes; 
and in close connection with this was the second, a question 
in mechanics. To these he devoted the last’ three years of 
his life, developing his ideas in a series of papers, Nos. 33— 
38, published in England, France and Italy, all leading up 
to his Neue Geometrie des Raumes, 1868-9. 

The last paper in the volume, No. 39, published in 1833, 
isa preliminary account of the System der analytischen Geom- 
etrie, on which he was then engaged. It is sometimes re- 
marked that the eminently proper person to review a book 
is the writer thereof, and in this announcement, as in his 
prefaces, Plicker appears as his own sympathetic reviewer. 

The concluding thirty pages of the volume are devoted 
to the editorial comments; by his interesting . historical 
notes and helpful criticisms here contained, as well as by 
the care bestowed in making good the original carelessness 
in the matter of proof-reading, Professor Schoenflies has 
made all lovers of Plicker his debtors. 

CHARLOTTE ANGAs Scorr. 


Bryn MAwWR COLLEGE, 
October, 1897. 


NOTES. 


ProFessor NeEwcoms has chosen the philosophy of hyper- 
space as the subject of his presidential address to be deliv- 
ered at the annual meeting of the AMERICAN MATHEMATICAL 
Society on December 29th. 


_A NEw list of members of the AMERICAN MATHEMATICAL 
Society will be published in January. Blank forms for 
furnishing necessary information have been sent to each 
member, and a full and prompt response is requested. 


Art the annual meeting of the London Mathematical So- 
ciety, held on November 11, the following officers and mem- 
bers of the Council were elected for the ensuing year: 
President, Professor E. B. Elliott; Vice-Presidents, Major 
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P. A. MacMahon and Dr. E. W. Hobson; Treasurer, Dr. 
J. Larmor; Secretaries, R. Tucker and A. E. H. Love. 
Other members of the Council, Lieutenant-Colonel A. J. 
Cunningham, Dr. J. W. L. Glaisher, Professor M. J. M. 
Hill, Professor W. H. H. Hudson, Morgan Jenkins, A. B. 


Kempe, F.S. MacAulay, D. B. Mair, G. B. Mathews and 
W. D. Niven. 


THE department of mathematics at Wellesley College has 
been divided, Miss Extten Hayes, hitherto professor of 
mathematics, becoming professor of applied mathematics. 
Miss E. L. Burret has been appointed acting professor of 
pure mathematics. Miss H. A. Merritt, Miss B. Denis 
and Miss H. M. Ketsry have been appointed instructors in 
mathematics. 


At the University of Chicago Dr. J. W. A. Youne has 
been advanced to an assistant professorship of mathematical 
pedagogy, and Dr. Harris Hancock and Mr. Herpert E. 
Siavueut have been advanced to instructorships in mathe- 
matics. 


Dr. R. J. ALeEy, who was last year at the University of 
Pennsylvania as fellow in mathematics, has resumed his 
duties as professor of mathematics at Indiana University. 
Assistant Professor D. A. Rotnrock, of the same depart- 
ment, has been granted leave of absence during the present 
year and is studying at Leipzig. 

Mr. JosepH ALLEN, formerly instructor in mathematics 
at Cornell University, has been appointed tutor in mathe- 
matics at the College of the City of New York. 


ALEXANDER PELL, Ph. D. (Johns Hopkins, 1897), has 
been appointed professor of mathematics and astronomy at 
the University of South Dakota. 


Dr. LorHar HEFFTER, associate professor of mathematics 
at the University of Giessen, has been appointed to a simi- 
lar position at the University of Bonn. 


Dr. ARNOLD SoMMERFELD, lecturer at the University of 
Gottingen, has been called to the professorship of mathe- 
matics at the Clausthal Academy, to succeed Professor 
Franz MEYER, who is now at Konigsberg. 


Paris Facutty or Sciences. The mathematical courses 
-offered during the first semester of the current academic 
year are the following :—Professor G. Darsoux: Theory of 
curvilinear coérdinates.—Professor E. Goursat: Differen- 
tial and integral calculus from the point of view of real 
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variables.— Professor P. ApPpELL: General laws of equili- 
brium and motion.—Professor H. PorncakE: Planetary 
perturbations and the development of the perturbative 
function.—Professor V. J. Bousstnesq: Analytical theory 
of heat.—Professor G. Ka@nicas: Kinematics of a solid 
body; motions depending on several parameters; kine- 
matics of deformable bodies.—Mr. Rarry: Mathematics 
introductory to the study of physics—Mr. ANpoyer: Mo- 
tion of rotation of heavenly bodies by the method of varia- 
tion of arbitrary constants. In addition, mathematical 
conferences are conducted by Messrs. Hadamard, Puiseux, 
Andoyer and Blutel. 

For the second semester the following courses have been 
announced :—Professor Picarp: Theory of algebraic sur- 
faces.—Professor Goursat: Principles of the theory of 
analytical functions.—Professor Boussinesq: Propagation 
of heat in crystals.—Professor Kanies: Study of Machines. 
Professor Appell will also lecture, but the subject of his 
course has not been announced. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


ABRAMOV (V.). Sketch of the methods of integrating differential equa- 
tions. PartI. (In Russian.) Moscow, 1897. 8vo. 24pp. Mk. 1.60 


AECHIMEDES. Works, edited in modern notation, with introductory 
chapters, by T. L. Heath. Cambridge University Press, 1897. 8vo. 
514 pp. 15s. 


BooLe (M. E.). See GRATRY. 


BuRALI-FortT! (C.). Introduction i la géométrie différentielle, suivant 

la méthode de H. Grassmann. Paris, Gauthier-Villars, 1897. 8vo. 

11 and 166 pp. Fr. 4.50 

BURNSIDE (W.S.). The theory of groups of a finite order. Cambridge 

University Press (New York, Macmillan), 1897. 8vo. 16 and 388 

pp. Cloth. $3.75 

CaucHy (A.). Oeuvres complétes, publiées sous la direction scienti- 

fique de 1’ Académie des sciences et sous les auspices du ministre de 

Vinstruction publique. Premiére série. Vol. X: Extraits des comptes 

rendus del’ Académie dessciences. Paris, Gauthier-Villars, 1897. 4to. 

Fr. 25.00 

Dewassus (E.). Lecons sur la théorie analytique des équations aux 
dérivées partielles du premier ordre. Paris, 1897. 8vo. 88 pp. 

Fr. 5.00 


DIRICHLET. See LEJEUNE-DIRICHLET. 


ECHEGARAY (J.). Lecciones sobre la resolucion de las ecuaciones y la 
teoria de Galois. Madrid, 1897. 4to. 272 pp. Fr. 13.00 
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FisuwErR (I.). A brief introduction to the infinitesimal calculus, de- 
signed especially to aid in reading mathemathical economics and sta- 
tistics. New York, Macmillan, 1897. 16mo. 7and 84 pp. ae 

.75 
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